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Loops with and without subloops 
J. K O Z M A 
In the theory of local loops, those loops which have one-parameter subloops are 
of considerable importance. M . A . AKIVIS [1] gave an interesting example of a quasi-
group which has /--parameter subloops in every direction [2]. A t the "Web Geometry 
Conference" held at Szeged, 1987, K . H. Hofmann raised the problem of exhibiting 
a simple example in which there is no one-parameter subloop in any direction. 
Searching for a satisfactory answer to this problem we shall investigate the ques-
tion: Is the existence of one-parameter subloops a general property of local loops? 
The aim of our considerations are as follows: 
1. Firstly, we exhibit a class of loops which have subloops in every direction, and 
examine associativity conditions for this loop-class. 
2. Secondly, we give (analytic) examples of elastic loops in our class which are 
not groups on the one hand, and a further example for elastic loops whose one-
parameter subloops are not one-parameter subgroups on the other hand. Hence we 
separate analytic elastic loops from right alternative analytic loops since the latter 
ones are necessarily power-associative (see [6]). 
3. Thirdly, we exhibit a class of loops which have one-parameter subloops only 
in one direction. 
4. Finally, we give an example of a loop without one-parameter subloops at all. 
Al l the results of the present paper are based on the existence of canonical 
coordinate systems [3] and the following main feature of loops ([4], Theorem 1). I f / 
is a local loop of class Ck (&S2) and D is a canonical coordinate system then every 
one-parameter subloop is locally a straight line through the origin in D. 
The author expresses his sincere thanks to K . H. Hofmann, P. T. Nagy and 
A. Kurusa for their help and suggestions. 
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I. Preliminaries 
D e f i n i t i o n 1. Let be an «-dimensional differentiable manifold. A partial 
mapping / of class Ck 
f: SF\ (x, y) - z (x, y, JO 
is called local loop-multiplication of class Ck and (JF\ f ) is called a local loop of class 
Ck if the following conditions are satisfied. 
a) The multiplication is a local quasigroup, that is, there exist open neighbour-
hoods - ^ ^ ( - r c ^ e j ^ ) such that /: and / (x , y )=z6^r for all 
x, Furthermore for arbitrary elements z £ i r (respectively, y^'V, 
z ^ y ) there exists one and only one (respectively, x ^ ^ ) for which / ( x , y ) = z . 
b) The loop has a unit element, that is, there is an element such that 
/ ( x , e) = / ( e , x ) = x for all 
c) The loop-multiplication is o f class Ck. 
W e shall consider charts ( % , <p¡) for which <p;: fy-^i^QR"; e>—0, where 0 
is the origin of R". 
A loop on an /«-dimensional manifold J5" is called an m-parameter loop. Instead 
of (JF\ f ) we shall frequently write /. 
Since the canonical coordinate-system defined in [3] plays an important role in 
our considerations further on, we recall its definition. 
D e f i n i t i o n 2. Let us consider a loop / o f class Ck (A:S2). W e shall say that a 
coordinate-system <p given by the chart <p), /: ^ — R", <p(e)=0, is a canonical 
coordinate system (CCS) with respect to / if in these coordinates we have 
F(x, x ) = 2x 
for all x£cp(-f), where 
F = (pofo (^_1X<j9_1). 
Further on, by a loop we mean a local loop of class Ck (k^2). 
D e f i n i t i o n 3. Let (JF\ f ) and (&; g) be two loops, and let £ be a local map 
& — <g of class Ck. I f £ is a local embedding, then f ) is called a local m-
parameter subloop of 
Loops with and without subloops 23 
II. Maximal families of one-parameter subloops 
Our purpose is now to describe a class of loops having subloops in every direc-
tion. 
D e f i n i t i o n 4. A local multiplication 
F: R n x R " — R" ; f X f - « 
(where % <?/ are appropriate neighbourhoods of 0) is called an (a, P)-multiplication 
if for all x, y6 -T 
(1) F (x , y) = x + y + a (y )x+/? (x )y 
where a, j3: R "—R: 0—0 are real-valued functions of class Ck. 
P r o p o s i t i o n 1. An (a, ^-multiplication is a local loop-multiplication on a neigh-
bourhood of the origin 0 of R", the unit element is the origin 0. 
P r o o f . First of all let us show that (1) defines a local loop-multiplication of 
class Ck. 
a) As a and P are defined on R", F (x , y) is well-defined. The multiplication is 
locally solvable from left and right since 
D1F(0, 0) = 7, £>j F(0, 0) = 7 
where Dj and D2 denotes the partial derivative with respect to the first, respectively, 
second variable belonging to R", and where 7 is the identity map in R". 
b) The origin 0 of R" is the unit element since we have 
F(x, 0) = x + 0 + a (0 )x + j3(x)0 = x, 
and similarly 
F(0, y ) = y. 
c) The loop-multiplication is of class Ck because a and j8 are of class Ck, as 
well. 
A loop (Rn, F) with (a, /^-multiplication is called an (R"; a, /?)-loop. 
N o w we are going to show that these loops have subloops in every direction. 
T h e o r e m 1. For every vector subspace sd of R" the restriction F\siysi of an 
(a, P)-multiplication is a loop-multiplication on a neighbourhood of 
P r o o f . Let be a vector subspace of R". Then for x, y^stf the element 
z = F ( x , y ) = [ l + a ( y ) ] x + [ l+/? (x ) ]y 
obviously belongs to si, as well. Similarly if x, z (respectively y, z) are elements of 
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si, then y (respectively x ) also belongs to si. This implies that the restriction of F 
to six si is a local subloop of (R" ; F). 
The subloop (si; F) is called an (si; a, /?)-loop. 
Let us emphasize two details of the above result. 
C o r o l l a r y . The loop (R" ; a, /?) has r-parameter subloopS in every r-dimensional 
subSpace of R". In particular, it has one-parameter subloops in every direction. 
T h e o r e m 2. Let Fbe an (a, /?)-multiplication defined on a neighbourhood f c R " . 
Then the loop (R" ; a, fi) (/J=2) is a local group on a sufficiently small neighbourhood 
if of 0 if and only if 
a ( f ( * . y ) ) = a ( x ) + a ( y ) + a ( x ) a ( y ) 
(for every x , y&f). 
P r o o f . 1) For the necessity we show that (Rn ; a, /?) is a group if and only if for 
all x, y6 if the relations 
(2a) a (F ( x , y) ) = a ( x ) + a ( y ) + a ( x ) a ( y ) 
(2b) J8(f(X, y » = p ( x ) + m + m m 
are satisfied. Indeed, (R" ; a, fi) is a group if and only if F is associative, that is, 
F{F(x, y), z ) = F ( x , F(y, z ) ) 
holds for all x, y, z (if is a sufiiciently small neighbourhood of 0). By a straight-
forward calculation we see that this identity is equivalent to the following one: 
[a (F (y , z ) )—[a (y ) + a ( z ) + a ( y ) a ( z ) ] ] x = [/J(F(x, y))-[ i?(x)-l-/?(y) + j8(x)j8(y)]] z 
for all x, y, z £ i f which is equivalent to (2a) and (2b). 
2) In order to show that condition (2a) is sufficient we shall prove that (2a) 
implies (2b). For this purpose we show that (2a) implies the linearity of a—0 via the 
commutativity of the one-parameter subloops. 
By (2a) we have 
(3) a ( F ( x , y ) ) = a ( F ( y , x ) ) 
for all x, y£if. Whenever for a direction a D aa (0 )T i0, we get from (3) that 
F (x , y ) = F (y , x ) 
for all x, y belonging to the one-parameter subloop of direction a. That is, this 
one-parameter subloop is commutative. However, if for the direction a D a a ( 0 ) = 0 , 
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we introduce new defining functions 
a*(x) = a(x)+<a, x>, /T(x) = /?(x)-<a, x> 
to obtain the (R" ; oc*, 0*)-loop on i f . Since 
ua+vsLtx*(va)ua+P*(ua)va = ua+vao. (va) ua+p (ua) «a 
for all sufficiently small real number u and v the one-parameter subloops of the 
direction a of the loops (R"; a*, P*) and (R"; a, P) are the same. Since D a a * ( 0 ) ^ 0 
when D a a ( 0 ) =0 , we obtain that this one-parameter subloop is commutative. 
From the commutativity it immediately follows that 
oc(vx)ux+P(ux)vx = a(ux)vx+P(vx)ux 
holds in every direction x for all sufficiently small nonzero u and v in R, which, 
yields 
a(vx) — fi(vx) a(ux) — P(ux) 
v u 
The left hand side does not depend on u, so we get 
(4) 
< \ a/ \ r a ( » « ) - a ( 0 ) P(ux)~P( 0) , . 
a(vx) — p(vx) = v • lim - v • lim = v-Dx(a(0) — p{0)) 
for each x ^ i f . Thus 
a(z)-/J(z) = <D(a-j8)(0), z). 
That is, a—J? is a linear function on the appropriate neighbourhood. 
N o w we are ready to prove (2b) from (2a). If in the left and right hand side o f 
(2a) we substitute A + p for a (where A is a linear function), we obtain firstly 
a(F(x, y)) = A(F(x, y)) + p(F(x, y)) = A(x) + A(y) + a(y)A(x) + /f(x) A(y) + 
+ p(F(x,y)) = [A(x) + A(y) + 1 (y)A(x) + p(y)X(x) + ft(x) /.(y)] + p(F(x, y)), 
secondly 
a(x) + a(y) + a (x )a (y ) = 
= [A(x)+A(y) + A(x)A(y)+A(x)/i(y)+/i(x)A(y)] + [j8(x)+j8(y)+j8(x)/i(y)], 
ILCDCC 
P(F(x, y)) = fi(x) +ft(y) + P(x)P(y) 
which is just (2b) and the theorem is proved. 
* 
R e m a r k s 1. In accordance with the proof above, the (R"; a, /0-loop is not a 
group if a—p is not linear ( for example if p is identically 0, and a is not linear). Thus 
relation (1) defines a non-trivial loop, in general. 2. By Theorem 1, /--parameter sub-
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loops ( a , p) of (R"; a, /?) exist for all subspace j r fQR" . Since Theorem 2 holds for 
these loops, too, we obtain that the /--parameter (/•&2) subloops of (Rn ; a, /?) are not 
r-parameter subgroups if a—0 is not linear. 
W e now consider some other algebraic identities which are weaker than associa-
tivity. Let us recall some definitions. 
D e f i n i t i o n 5. A loop has the left-inverse property (right-inverse property) if 
f o r each x t h e r e is an element x,£"V ( x r £ " f ) such that for every y g - f 
(5) F(x„ F(x, y ) ) = y, respectively, F (F ( y , x), x r ) = y, 
in particular, for y = 0 
(6) F(x,, x ) = 0, respectively, F (x , x r ) = 0. 
The loop Fsa id to be left alternative (right alternative) if for all x, y ^ f 
(7) F (F ( x , x), y) = F (x , F (x , y)), respectively, F(y, F (x , x ) ) = F (F ( y , x), x). 
The loop has the property of elasticity if for all x, y 
(8) F(x, F (y , x ) ) = F (F ( x , y), x). 
T h e o r e m 3. An (Rn ; a, fi)-loop (n=s2) is a group if and only if it 
a) possesses the left-inverse property (right-inverse property), 
b) possesses the left alternative property (right alternative property). 
T h e o r e m 4. Whenever a=(j and a is linear then the corresponding (R" ; a, /?)-
loops ( « = 2 ) are elastic. Such an (R"; a, ¡})-loop of dimension n (m = 2) is a group if 
and only if a = 0 . 
P r o o f o f T h e o r e m 3. a) I f we use expression (1) to reformulate (5) and (6) 
we get 
(5') [ l + a [ x + y + a ( y ) x + /J(x)y]] •x, + [ l + a ( y ) + 0 (x i ) +a ( y )0 (x / ) ] -x + 
+ [p(x)+p(xi)+p(x) j5(x,) ]-y = 0, 
<6') [ H - a ( x ) ] - x , + [ l + 0 ( x / ) ] - x = 0 
fo r all x, y and xfijV- Subtracting (6') from (5') we get 
[a [ x+y+a (y ) x+/? (x ) y ]—oe (x ) ] x i + a ( y ) [ l + / ? ( x i ) ] x + 
+ [p(x) + p(xl)+p(x)p(x,)]y = 0 
f o r all x, y and x ^ i C In view of (6') we obtain 
[a [x + y + oc(y)x+/?(x)y]—a(x)—a(y) —a(x )a (y ) ] x ( + [0 (x ) + 0 (x i ) + 0 (x )0 (x / ) ] y = 0 
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for all x, y and x t£iC Notice that x , = 0 if and only if x = 0 (see (6)). Hence rela-
tion (5) holds for the loop (R"; a, /?) if and only if the following two identities are 
satisfied 
(9a) a[x + y+a(y)x + [j(x) y] = a ( x ) + a ( y ) + a ( x )a ( y ) 
{9b) 0 = jS(x)+/J(x ( )+j3(x) j3(x) 
f o r all x, y ^ f . Since condition (2a) is the same as (9a), this local loop is a local 
group. As a group always possesses left-inverse property, part a) of the theorem is 
proved in the case of left inverse loops. 
Notice that from (9b) and (6') we can express x, as follows: 
. v _ _ 1 
X ' [1 + a ( x ) ] • [1 +/?(x)] X-
For right inverse (R" ; a, j8)-loops the proof can be carried out in the same way as 
above. Furthermore, the right and left inverse of an element are clearly the same by 
• ( * ) above. 
b ) Expressing identity (7) in terms of (1) we obtain that (7) is equivalent to the 
following two identites 
(10a) a [ x + y + a (y )x+J? (x )y ] = a (x ) + a (y ) + a (x )a (y ) , 
(10b) J5[2x + a ( x ) x + j?(x)x] = 2/?(x) + /?(x)/?(x). 
W e see that (10a) and (2a) are equivalent. Thus from the left alternative property it 
follows that an (Rn ; a, /?)-loop is a local group. The converse is obvious, furthermore 
the right alternative case is similar, therefore part b ) is proved. 
P r o o f o f T h e o r e m 4. From expression (1) we obtain that (8) is equivalent 
to the following equality; 
a (x ) + a ( y ) + a ( x ) a ( y ) - a [ x + y + a (x ) y + j3(y)x] = 
= £ ( x ) + / ? ( y ) + j ? ( x ) 0 ( y ) - £ [ x + y + a ( y ) x+ j ? ( x ) y ] 
for all x, y I t is clear that if a = p , then this equality is an identity for all 
x, y^-V. In other words, for a = f i the loop (R" ; a, ft) is elastic. Let now a=/J be 
linear function. Let us suppose that (Rn ; a, ¡1) is a group, and Then (2a) is 
fulfilled and has the form 
« (FCx) , y ) = a ( x ) + a (y) + a (x ) a (y) 
a[x + y + a ( y ) z + a ( x ) y ] = a ( x ) + a ( y ) + a ( x )a ( y ) 
a ( x ) + a (y) + a (y) a ( x ) + a (x ) a (y) = a (x ) + a(y ) + a ( x )a ( y ) 
a(x)a(y) = 0 
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for all However, this means that a = 0 = 0 . Thus for the linear function 
a = 0 which is not identically zero the loop (R"; a, 0) is elastic, but not a group. 
Another (less obvious) example is an (R"; a, 0)-loop ( « ^ 1 ) for which a ( x ) is 
a quadratic function, e.g. a ( x ) = ||x||2. It is easy to see that in this case the one-para-
meter subloops are not one-parameter subgroups. Indeed, for arbitrary s, t, R 
we have 
F(F(s\, fx), ux) — F(sx, F(tx, ux)) = 
= stu • ||x||2 • [(3i + 2 j + 2i/)(j—i/) + ||x||2i[i(i3 —« 3 ) + 2i2 ( j2 —w2) + i3 ( i—M ) ] ] x. 
Hence these subloops are not subgroups because the difference vector has a positive 
norm provided 0 < « < i < / . Consequently, these loops are not groups. 
R e m a r k . L. V. SABININ and P. O. MIKHEEV [5] proved that analytical right-
alternative loops are power associative (that is, F(xm , x " ) = x m + n for arbitrary 
xG J5" and any integers m and n). However, we can show that the analogous state-
ment for elastic loops is false. As a power-associative loop has one-parameter sub-
groups in every direction (see KUZ'MIN [6]), our analytical elastic (R"; a, a)-loops 
(a (x ) = ||x||2) can not be power associative. 
III. Loops without one-parameter subloops 
In final part of this paper we exhibit loops which do not have any non-trivial 
one-parameter subloops whatsoever. However, let us start with another class o f 
loops which have one-parameter subloops in one unique direction. For this pur-
pose we give a slight modification of the loops given by (1). 
D e f i n i t i o n 6. Let us define a local multiplication (a, — A; Q, a) in R" as follows 
F 2 : R "XR" — R": ^ X l ^ - ^ 
where % °ll are appropriate neighbourhoods of 0, furthermore for all x, yd'f" we 
have 
(11) F2 (x , y) = x + y + a ( y ) x - a ( x ) y + e ( x , y )a 
for all x, Here a is the same as in Definition 4; furthermore a^R" is a point 
(sufficiently close to 0) different from 0, and Q is a real function of class Ck : 
Q: R " X R " — R : F - ^ C R 
such that £>(x, y ) = 0 if and only if x = 0 or y = 0 or x = y. (That is, Q(X, 0) = 
= {?(0> y) — z ) = 0 for all x, y, and Q does not vanish in any other case). 
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Such functions Q exist, e.g. the function g defined as fol lows: 
(12) e ( x , y ) = ||x|Hly|H|x-y||«. 
P r o p o s i t i o n 2. The local (a, —a; Q, a)-multiplication given by (13) defines a 
local loop of class Ck which has one-parameter subloop in the direction of a, exclusively. 
P r o o f . W e show that F2 is a loop-multiplication. 
a) Since a. and Q are o f class Ck, F2 is well defined in "K F 2 (x , y ) = z can be solved 
f rom left and right because the derivative of F2 with respect to the first and second 
variable (belonging to R" ) is the identity map. 
b ) The origin 0 in R " is the unit element since 
F a ( x , 0 ) = x + O + a ( O ) x - o c ( x ) O + 0 ( x , O ) a = x 
and similarly F2 (0, y ) = y , for all x, 
c ) a and Q are of class Ck, therefore F2 is also o f class Ck. 
Following this, let us notice that the coordinate system in which F2 is defined, 
is a CCS. Indeed, according to Definition 2 we have 
F 2 ( x , x ) = x + x + a ( x ) x —a (x ) x + g (x , x ) a = 2x 
for all xGT^T So, owing to Theorem I in [4], if there exists a one-parameter subloop, 
then it is locally a straight line. It is obvious that there exists one-parameter subloop 
in the direction of a. 
Let us suppose that there exists one-parameter subloop in the direction o f d. 
Then the elements of this subloop are of form t d, t£(—T0, T0), at least locally. 
Let x = s 1 d 7 i 0 and y = s 2 d ? i 0 ( s ^ i a ) be two different elements of it. According 
to (11) we have 
F 2 ( x , y ) = Fa fod , j 2 d ) = [5 1 + j 2 + j 1 o ! ( j od ) - j 2 a ( . y 1 d)]d + <?(i1d, ,y2d)a + /-d 
for some rf R. Since for these and s2: Q(Sjd, directions a and d must 
be the same, which completes the proof. 
This loop is called an (R" ; a, —a; Q, a)-loop. 
Our next and last example is that of a loop without nontrivial one-parameter 
subloops. For this purpose we shall modify the previous construction. 
D e f i n i t i o n 7. Let us define a local multiplication (a, —a; q, a; a, b) in R " 
( n S 2) in the following manner 
F 3 : R B X R " r ^ r ^ f y 
where ~V, °ll are appropriate neighbourhoods o f the origin 0, furthermore for all 
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x, we have 
(13) F3 (x, y) = x + y + a ( y ) x - a ( x ) y + e ( x , y )a + <r(x, y )b 
where a and a are the same as in Definition 6, a and b are linearly independent (fixed) 
points (directions) in R" (sufficiently close to 0). Further we suppose that a possesses 
all the properties of G and that, in additional, from Q(X0, y0) = a(x0, y0) it follows 
that £>(x0, y0) = ff(x0, y 0 ) =0 (that is that A and G are different, except where they 
vanish). 
Functions a with the required properties exist, e.g. the one defined by the fol-
lowing formula: 
(14) ff(x, y) = /j(x)||y||2||x-y||2, 
where h: R" — R" and h(x) vanishes if and only if x = 0 , and fcOO^M2. Further-
more h is assumed to be of class Ck. 
P r o p o s i t i o n 2. Any multiplication given by (13) defines a local loop of class Ck 
which has no one-parameter subloop at all. 
This loop is called an (R" ; a, —a; g, a; er, b)-loop. 
P r o o f . In the same way as above we can prove that conditions a), b ) and c ) 
for loops are fulfilled. 
It can be stated, again, that F3 is defined in a CCS. Thus if there exists a one-
parameter subloop of F3 in the direction of d, then for two different elements 
x^s^d, y = i 2 d (0T^S-L^SZ^O) we have 
Fa(*,y) = F a C ^ d ^ d ) = 
= [ j 1 + i ' 2 + j 1 a ( j 2 d ) —i-aa^id^d + ^ ^ d , i 2 d ) a+ ( r ( j 1 d , = rd. 
Thus we obtain that 
i?(.yid, j2d)a-f a^ id , J2d)b = id 
for some / = i ( j 1 , s^)£(—T0, T0). As for d we have unique expression d = x 1 a+K 2 b , 
we get 
td = (txj) a + (tx2) b = eC^d, j2d)a+c7(j1d, j2d)b 
for all allowable s^s^, hence we obtain that 
(15) J2d) = ty.! and a ^ d , .r2d) = ty,2. 
Let us first suppose that d = a. That is, there exists a one-parameter subloop in the 
direction of a. Then we have 
e(5i a, j2 a) a+o-fo a, s2 a) b = /a. 
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Since e O i a , i 2 a ) ? i 0 , a ^ a , s 2 a ) ^ 0 a n d t?±0, i t f o l l o w s that b = a , w h i c h c o n -
tradicts the assumpt i on f o r a a n d b. I n the case o f d — b w e ge t the same result. 
L e t us n o w suppose that a ^ d ^ b . T h e n f r o m re la t i ons (15 ) w e o b t a i n t h a t 
X i ^ O , x ^ O , consequent l y f o r a l l 
( 16 ) g f e d, s2d) = — c f e d, So d) . 
x2 
But , w e shal l n o w g i v e a q a n d a such that this e qua t i on does n o t h o l d i d en t i ca l l y 
in * a n d s2. W i t h re la t ions (12 ) and ( 14 ) equa t i on ( 16 ) b e c o m e s 
I I * d||:2 ||JS d||'2 l i f e - s2) d||2 = ^ h (Sl d ) I I d p l i f e - s 2 ) dip3 
Ji2 
and consequent l y 
I M I I 2 = — ¿ f e d ) 
f o r al l suf f ic ient ly sma l l s ^ 0. N o w the func t i on 
A ( x ) = e»*»*-||x||a 
can n o t sat is fy ident i ca l l y the p r e v i o u s equa t i on , w h i c h c omp l e t e s the p r o o f . 
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